By analyzing the structure of the Weyl spinor field in the Clifford bundle formalism we show that in each spinorial frame it is represented by F ∈ sec(
Introduction
In this paper we show that Weyl equation that was originally thought to describe the propagation at the speed of light of massless neutrinos has also some nontrivial subluminal and superluminal solutions that simulate the propagation of a particle with non zero rest mass, respectively at subluminal and superluminal speeds. We even exhibit a superluminal solution of Weyl equation occupying a compact support in the direction of propagation for any instant of time, where its front moves at superluminal speed. In order to exhibit such solutions we shall need to show that the Weyl field when represented in the Clifford bundle formalism (used in this paper) posses a superpotential that satisfies the homogeneous wave equation. To prove this statement we need to recall some mathematical results 1 , unfortunately not so well known by physicists. This is done in Section 2. Eventually our results will serve the purpose of giving a possible explanation to the OPERA experiment 2 [1] and may even explain the discrepant results concerning the square of the neutrino 'mass' in different experiments done under different circumstances [3, 4, 5, 7, 8, 9, 14, 15] . The authors of the present paper are well aware of some criticisms to the OPERA experiment 3 that range, e.g., from the claim 4 in [11] that their authors do not take into account the subtleties related to the problem of synchronization of clocks in a non inertial reference frame [32] to the claim that superluminal neutrinos induces a bremsstrahllung process (ν → ν + e − + e + ) that according to Cohen and Glashow [10] allows one to exclude what they called the OPERA anomaly and place a strong constraint on neutrino superluminality. This claim needs a more careful analysis. Indeed, if superluminal particles exists, to make predictions involving them we need first to build a consistent field theory including a preferred reference frame [22, 35] , as, e.g., in [5, 6, 7, 8, 9] . Indeed, the authors of these last references show that with a preferred frame it is possible to have not only a theory which includes tachyons free of causal paradoxes but also free of the vacuum instability problem.
Returning to the subject of our paper, in Section 3 we recall how to obtain easily subluminal and superluminal solutions as free boundary solutions for the homogeneous wave equation and then use those results to build analogous solutions for the Weyl equation. In Section 4 we even present a superluminal solution for Weyl equation with a front moving at superluminal speed. In Section 5 we show how the Clifford bundle formalism used to describe Weyl equation
We are not going to comment on all them here. 3 We want also to state that we are well aware about the many claims concerning superluminal propagation of microwaves (and even single photons) [13, 25, 36] and which has been the subject of many misunderstandings, since all those phenomena has a common simply explanation, namely pulse reshaping [33, 28] and thus do not implies in any breakdown of the Principle of Relativity. Thus, authors do not exclude that results of OPERA experiment will eventually find an explanation which does not implies in any violation of the Principle of Relativity. 4 We find hard to believe that authors of the OPERA experiment could be so naive spending so many million dollars in an experiment and yet did not take into account the relativistic effects on the proper time of the clocks used in their experiment. But, if the did such an elementary mistake what could we think of the care in the preparation of high energy experiments?
naturally leads to the conclusion that local chirality invariance of that equation implies that the particles which it describes must carry a magnetic charge which couples to the electromagnetic field. Moreover, Weyl fields which are eigenstates of the parity operator describe a pair of monopole anti-monopole system with null total magnetic charge. This result may eventually be important to understand the propagation of neutrinos in the interior of stars.
Mathematical Preliminaries
To start, we suppose that all phenomena occurs in a manifold M ≃ R 4 . Let {x µ } be global coordinate functions for M and let {e µ = ∂/∂x µ } be a global basis for T M and {γ µ = dx µ } a basis for T * M dual to the basis {e µ }. We equip M with a Lorentz metric field g ∈ sec T 2 0 M such that e µ · e ν := g(e µ , e ν ) = η µν and with a field g ∈ sec T
where the matrices with entries η µν and η µν are diagonal matrices denoted by diag(1, −1, −1, −1). We introduce also the bases {e µ } of T M and {γ µ } of T * M that are respectively reciprocal to the bases {e µ } and {γ µ }, i.e., e µ · e ν = δ In what follows we suppose that all fields involved in our calculations are sections or equivalence classes of sections of the Clifford bundle of differential forms 5 Cℓ(M, g). In section 4 we use for easy of calculations the complexified Clifford bundle C⊗Cℓ(M, g).
Covariant Dirac spinor fields, i.e., the Dirac fields used in books of field theories in the Clifford bundle formalism are represented by Dirac-Hestenes spinor fields (DHSF ) and covariant Weyl spinor fields are represented by DHSF satisfying an algebraic constraint to be specified below. A DHSF on Minkowski 5 Eventually for some computations it is a good idea (as is the case in electrodynamic) to use complex functions as the components of the Clifford fields. This corresponds to work in C⊗Cℓ(M, g).
spacetime is an equivalence class of pairs (Ξ u , ψ Ξu ), where Ξ u is a spinorial frame 6 field and ψ Ξu is an appropriate sum of even nonhomogeneous multiform fields,
where S, P ∈ sec 0 T * M ֒→ sec Cℓ(M, g) and F ∈ sec 2 T * M ֒→ sec Cℓ(M, g). Let {Γ µ } be an arbitrary orthonormal coframe for Minkowski spacetime (denoted fiducial coframe) to which we associate a spin frame Ξ u0 where u 0 = 1 is the identity element of Spin e 1,3 . Let {γ µ } and {γ ′µ } be two others orthonormal coframes for Minkowski spacetime with associated spin frames Ξ u and Ξ u ′ such that
and where the matrix with entries Λ µ ν is an element of L ↑ + , the homogeneous orthochronous Lorentz group.
In what follows we choose {γ µ } as the fiducial coframe and put ψ Ξu = ψ. As it is now well-known Dirac equation in our formalism is represented by the so-called Dirac-Hestenes equation which reads:
where m is the rest mass of the Dirac particle and
is the Dirac operator acting on section of sec Cℓ(M, g). Moreover, for an arbitrary Clifford field C ∈ sec Cℓ(M, g) we have
6 The symbol u in Ξu denotes an element of Spin e 1,3 . The space Θ of spinorial frames can be thought as an extension of the space B of orthonormal vector frames of T * M , where even if two vector frames have the same ordered vectors, they are considered distinct if the spatial axes of one vector frame is rotated by an odd number of 2π rotations relative to the other vector frame and are considered the same if the spatial axes of one vector frame is rotated by an even number of 2π rotations relative to the other frame. Even if this construction seems to be impossible at first sight, Aharonov and Susskind [2] warrants that it can be implemented physically. More details may be found in [34, 24, 35] .
where d = ∂ ∧ is the differential operator and δ = −∂ is the Hodge codifferential. Now, the algebraic constraint defining a Weyl spinor field (denoted by
) from a given Dirac spinor field ψ is:
and they are "eigenvectors" of the chirality operator γ 5 , i.e.,
Moreover, observe that Weyl spinor fields satisfy the important relation
We recall moreover that in the Clifford bundle formalism the parity operator P [20] is represented in such a way that for Dirac-Hestenes spinor field ψ just defined above we have
The following Dirac-Hestenes spinor fields are eigenstates of the parity operator with eigenvalues ±1:
Having saying that the Weyl equation describing a massless neutrino (F = F + ) field is
Given, A, B ∈ sec 1 T * M ֒→ sec Cℓ(M, g) we define a generalized potential [30] for the DiracHestenes spinor field,
7 The symbol " " denotes the reverse operator. If Ar ∈ sec r T * M ֒→ sec Cℓ(M, g) we have thatÃr = (−1)
Ar.
For the Weyl field F ± we have
where
Energy-Momentum Tensor of the Weyl Field
Now, the adjunct 8 of the energy-momentum 1-form
) of the Weyl field is given by (see, e.g., Chapter 7 of [35] ):
and it not symmetrical (in general). The density of energy of the Weyl field is then given by
and the energy of a Weyl field configuration F is
Superluminal Solutions of the Weyl Equation
It is now well known [21, 35] that all relativistic wave equations have boundary free solutions with arbitrary speeds 0 ≤ v < ∞. The set of such solutions has three disjoint classes, the subluminal, luminal and superluminal ones. Each solution within one of the classes may be transformed in other one within the same class to which it belongs by the action of the Lorentz group. However, not all solutions within the superluminal class can be realized in nature according to the Principle of Relativity as a physical phenomenon in an arbitrary inertial frame, for if one of those solutions represent the description of some real phenomenon carrying information it would be possible to send information to the past (see a discussion of that issue in [35] ). Thus, if all Lorentz deformed solutions are realized as physical phenomena in any given inertial reference frame then we must arrive at the conclusion that we have a breakdown of the Principle of Relativity and identification of a preferred inertial frame in our universe which gives the natural time order of events. In the preferred frame all Lorentz deformed solutions always correspond to possible phenomena.
In this section we recall two very simple superluminal solutions of the scalar wave equation, which may be used almost immediately (as we shall see) to build superluminal solutions for Weyl equation. The energy of the simple solutions as calculated using Eq. (20) is infinite, as it is the case of the energy of all plane wave solutions of all relativistic wave equations. However, we think that a quantum mechanic interpretation for that extraordinary solutions may be given associating the energy and momentum of a giving wave carrying one neutrino through the dispersion relation of the solution using the well-known formulas, E = ω and | p| = k.
Subluminal and Superluminal Spherical Bessel Beams
Consider the homogeneous wave equation (HWE)
We now present some subluminal and superluminal solutions of Eq. (21) called subluminal and superluminal spherical Bessel Beams 9 . To introduce these beams we define the variables
9 Historical details about the discovery of these solutions and other non referenced statements below may be found in [31] .
We can now easily verify that the functions Φ ℓm < and Φ ℓm > below are respectively subluminal and superluminal solutions of the HWE (see how to obtain these solutions, e.g., in [31] ). We have . This term has been introduced by Courant and Hilbert; however they didn't suspect of UPWs moving with speeds greater than c = 1. For the simple applications that we have in mind we shall need the form of Φ 00 < and Φ 00 > , which we denote simply by Φ < and Φ > :
(27) When v < = 0, we have Φ < → Φ 0 , with
Remark 1 We observe that if our interpretation of phase and group velocities is correct, then there must be a Lorentz frame where Φ < is at rest. It is trivial to verify that in the coordinate chart x ′µ which is a natural adapted coordinate chart to the inertial reference frame e
which is an inertial Lorentz frame moving with speed v < in the z direction relative to e 0 = ∂/∂t,
Subluminal and Superluminal Bessel Beams
The solutions that are necessary for the developments of the next section are solutions of the HWE, in cylindrical coordinates. Here we briefly recall how these solutions are obtained in order to present subluminal and more important, for what concern the objectives of this paper, superluminal solutions of Weyl equation. In what follows the cylindrical coordinate functions are denoted as usual by (ρ, θ, z), ρ = (x 2 + y 2 ) 1/2 , x = ρ cos θ, y = ρ sin θ. We write for Φ:
Inserting Eq.(30) in Eq.(21) gives
In these equations L and ν are separation constants. Since we want Φ to be periodic in θ we choose ν = n an integer. For L we consider two cases: 
where n ∈ N and C n is a constant, J n is the n-th order Bessel function and
The Φ < Jn are eventually called in acoustical papers the nth-order non-diffracting Bessel beams.
Bessel beams are examples of UPWs. They are subluminal waves. Indeed, the group velocity for each wave is
but the phase velocity of the wave is (ω < /k < ) > 1. That this interpretation is correct follows from an argument similar to the one just presented above for the case of the spherical beams.
It is convenient for what follows to define the variable η, called the axicon angle [31] ,
and Eq.(32) can be rewritten as Φ < An ≡ Φ < Jn , with
In this form the solution is sometimes known in acoustical papers as the n-th order non-diffracting portion of the axicon Beam. The phase velocity v ph = 1/ cos η is independent of k < , but, of course, it is dependent on k < . We shall show in Section 4 that surprisingly as it may be. waves constructed from appropriated superpositions Φ 
with n ∈ N and where K n are the modified Bessel functions, C n are constants and
We see that Φ > Kn are also examples of UPWs, each of which has group velocity v > = dω > /dk > such that 1 < v > < ∞ and phase velocity 0 < (ω > /k > ) < 1. As in the case of the spherical Bessel beam [Eq. (27)] we see again that our interpretation of phase and group velocities is correct. Indeed, for the superluminal (modified) Bessel beam there is no inertial Lorentz frame where the wave is stationary. The solution Ψ > K0 will be denoted simply by Ψ > in what follows.
A Weyl Superluminal Solution
Let us choose A ′ and B ′ such that A 0 = A 3 = B 0 = B 3 = 0. Moreover, let us choose A 2 = ∓B 1 or A 1 = ±B 2 . In this case we can write
where we have omitted the subscript ± on Υ ± and m and n are constant 1-form fields such that m · n = 0. Then Eq. (17) implies that
If we choose for Υ, e.g., either Φ > or Ψ > we immediately have that the corresponding Weyl field
is propagating at superluminal speed.
Remark 2
What is really interesting in these solutions is that the dispersion relation simulates the propagation of a (tachyonic) massive neutrino. A fitting of the parameters for the two solutions that are compatible with the OPERA experiment and analogous ones may help to clarify the issue of incompatible square neutrino masses seem in different situations.
Remark 3
It is important to recall that for the case of the Dirac-Hestenes equation, for non singular solutions, i.e., the ones such that Ψ DΨD = 0, we can write Ψ D = ρ 1/2 exp(βγ/2)R, where ρ and β are scalar functions and ∀x ∈ M , R(x) ∈ Spin 
Solutions with Front Moving at Superluminal Speed
In this section we present superluminal solutions of Weyl equation where the fronts of the waves move at superluminal speeds. To exhibit one such solution, in order to simplify the calculations we complexify Weyl equation, i.e., we take the components of F as sections of C⊗Cℓ(M, g). Next we choose the potentials A and B as in the last section as
where m and n are constant 1-form fields such that m · n = 0 and Ψ is a solution of
but differently of the last section where we found boundary free solutions of the HWE (and thus boundary free solutions of Weyl equation), here we want to look for a solution of Eq.(44) which solves a Sommerfeld like problem, i.e., one satisfying at the z = 0 plane the following boundary conditions (given in cylindrical coordinates):
, Θ is the Heaviside function, k(ω) = ω, and η is a constant called the axicon angle [29] and D(k) is an appropriate frequency distribution to be determined in order for E to result finite. As showed in [28] a complex solution of Eq.(44) (for z > 0, t > T ) which satisfies the Sommerfeld conditions (Eqs. (45)) is in polar coordinates given by
for |t − z cos η| < T, (46) Ψ(t, ρ, z) = 0, for |t − z cos η| > T.
We call Ψ a superluminal X-pulse, its wave front obviously propagates with superluminal speed in the z-direction.
A neutrino in this model has speed v = 1/ cos η and the axicon angle may be found in order to fit the OPERA or analogous experiments.
5 Chiral Invariance and the Interaction of Neutrinos with the Electromagnetic Field.
In this section we would like to call attention that eventually the propagation mode of neutrinos in Earth (and more generally in regions containing a electromagnetic field) are being wrongly evaluated. Such statement will become clear with the theory just presented below which suggests that Weyl equation describes a pair of opposite magnetic charged sub-particles coupled together. Even if that effect is not appreciable for neutrinos travelling from Geneve to the Gran Sasso, it may be eventually important for neutrinos travelling in the medium of stars, and thus its consequences seems worth to be investigated, something that we defer to another publication. Since ∂F = 0 we see that Weyl equation is invariant under constant duality transformations F → F ′ = exp(ϑγ 5 )F where ϑ is a constant. Moreover taking into account that F is eigenvector of the chirality operator (Eq.(11)) we can write Weyl equation as
Now, if we make a spacetime time dependent duality transformation F → F ′ = exp(βγ 5 )F where β is a smooth function on M , we see that Weyl equation will be invariant only if we introduce a compensating potential field B ∈ sec 1 T * M ֒→ sec Cℓ(M, g), i.e., we need to have the equation
This equation as it is easily verified is invariant under the gauge transformations
Also, the equation for F − coupled with an electro-
which is invariant under the gauge transformations
showing clearly that the fields F + and F − carry opposite 'charges'. Consider now the Weyl field in interaction with the potential B and where the spinor fields F ↑ , F ↓ (recall Eq. (11)) are eigenvectors of the parity operator (recall Eq.(10)) and look for solutions of Eq.(48) such that F = F ↑ , i.e., the equation
This equation separates in two equations,
showing that a Weyl spinor field that is an eigenvector of the parity operator describes a pair of particles with opposite 'charges'. We interpret these particles (following Lochak 10 [19] ) as massless 'monopoles' of opposite magnetic charges interacting with an electromagnetic field.
After this discoursing we may suggest that when propagating from Geneve to the Gran Sasso the neutrinos are interacting with the Earth's electromagnetic field which may cause some effect on their propagation (eventually tunneling of its wave packet).
Even if that effect be very small in that case it may be important when neutrinos travel in the strong electromagnetic field of stars. So, our suggestion seems in principle worth to be investigated, something we defer to another publication.
Conclusions
The superluminal solutions that we exhibit above may be eventually useful for describing a neutrino flying from Geneve to the Gran Sasso in the Opera experiment [1] supposing the data is indeed reliable. In our model it has speed v = 1/ cos η and the axicon angle may be discovered in order to fit data of the experiment. It goes without saying that the eventual existence of finite energy superluminal solutions of Weyl equations implies in a breakdown of the Principle of Relativity thus selecting one preferred reference frame P ∈ sec T M (P · P = 1). We may conjecture that this preferred frame is to be identified with the timelike component g(Γ 0 , ) of the fiducial vector coframe {Γ µ } associated with the spinorial frame Ξ u0 mentioned in the introduction. However before claiming that we indeed observed a breakdown of Lorentz invariance it is necessary to investigate more carefully if one can find an explanation consistent with the Principle of Relativity, i.e., if we can explain the results of the OPERA experiment as a kind of pulse reshaping where, as in the electromagnetic case (recall footnote 3), the group velocity may be superluminal (but where the front velocity of the neutrino wave is always the usual light velocity), or even if the result of that experiment is simply due to a superluminal group velocity resulting from neutrino oscillations, something that can be obtained, e.g., by making the potentials A ± and B ± in Eq. (17) to satisfy wave equations with dispersion relations with different masses 11 . Finally we recall that in the last section it was shown that Weyl equation may be thought as describing the propagation of a pair of opposite magnetic charge 12 neutrinos that may interact with an external electromagnetic field. Thus the electromagnetic field of the Earth may have some influ- 11 See also in this respect [23] . 12 Thus, eventually carrying a magnetic dipole moment [12] .
ence on the propagation of neutrinos, and although the effect may be negligible for the case of Earth's electromagnetic field it may be eventually worth to investigate that interaction for the case of neutrinos emitted from stars, which are submitted to very strong electromagnetic fields.
At least, we mention that once the preferred frame is identified, it is a good idea for observers in all inertial frames use as time coordinate the time coordinate defined in the preferred frame. With the use of this time there are no causality paradox, all signals propagates only to the future as defined by the preferred time. We also mention that the transformations relating the spacetime coordinates of two different inertial frames moving relative to each other (and relative to the preferred frame) realize a nonstandard realization of the Lorentz group. This issue has been discussed in [22, 35] .
